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In this work, we study the S, P and D wave resonance contributions to three-body
decays B(s) → [D(∗), D¯(∗)]K+K− by employing the perturbative QCD (PQCD) ap-
proach, where the kaon-kaon invariant mass spectra are dominated by the f0(980), f0(1370),
φ(1020), φ(1680), f2(1270), f
′
2(1525), f2(1750) and f2(1950) resonances. The KK S-wave com-
ponent f0(980) is modeled with the Flatte´ formalism, while other resonances are described by the
relativistic Breit-Wigner (BW) line shape. The corresponding decay channels are studied by con-
structing the kaon-kaon distribution amplitude ΦKK , which captures important final state interac-
tions between the kaon pair in the resonant region. We found that the PQCD predictions for the
branching ratios for most considered decays agree with currently available data within errors. The
associated polarization fractions of those vector-vector and vector-tensor decay modes are also pre-
dicted, which are expected to be tested in the near future experiments. The invariant mass spectra for
the corresponding resonances in the B(s) → [D(∗), D¯(∗)]K+K− decays are well established, which
can be confronted with the precise data from the LHCb and Belle II experiments.
PACS numbers: 13.25.Hw, 12.38.Bx, 14.40.Nd
I. INTRODUCTION
Studies of nonleptonic B meson decays are crucial for testing the standard model (SM), understand-
ing the quantum chromodynamics (QCD) and searching for the possible new physics beyond SM. Testing
the SM requires first to measure its free parameters precisely and to understand how to improve the pre-
cision of theoretical calculations. Most of the free parameters of the SM are related to flavor, such as the
Cabibbo-Kobayashi-Maskawa (CKM) angles α, β and γ. The precise measurement of the angle γ of the
CKM unitarity triangle is a hot topic both in flavor physics theories and experiments. An analysis of the
decays B(s) → D¯(∗)0φ opens possibilities to offer competitive experimental precision on the angle γ [1–3].
Although the charmed decays B(s) → D(∗)0φ are CKM suppressed compared with the B(s) → D¯(∗)0φ
decays, they are important in the CKM angle γ extraction method. Therefore, a much deeper understanding
of the related phenomena is required.
On the experimental side, more and more detailed analysis on the three-body B meson hadronic decays
have been performed by the BABAR [4–8], Belle [9–11] and LHCb [12–19] collaborations based on the
large data sample. The decay B0s → D¯0φ was first observed by the LHCb collaboration [14]. Meanwhile,
∗ correspondence author, liyakelly@163.com
† correspondence author, yandac@126.com
‡ correspondence author, jindui1127@126.com
§ correspondence author, xiaozhenjun@njnu.edu.cn
2a significant signal B+ → D+s K+K− is observed for the first time by the LHCb collaboration [17] and a
limit of B(B+ → D+s φ) < 4.9×10−7(4.2×10−7) is set on the branching fraction at 95%(90%) confidence
level (CL). In addition, the LHCb collaboration [18] reported their first measurement B(B0s → D¯∗0φ) =
(3.7 ± 0.6) × 10−5 and gave an upper limit B(B0 → D¯0φ) < 2.3 × 10−6 at 95% CL, where the φ meson
is reconstructed through its decay to aK+K− pair.
On the theoretical side, the two-body charmed decays B(s) → [D(∗), D¯(∗)][S,P, V, T ] (here S,P, V and
T denote the scalar, pseudoscalar, vector and tensor mesons) have been investigated within the framework
of the PQCD factorization approach [20–26]. The channels induced by the b → c transitions are CKM
favored, while those induced by the b → u transitions are CKM suppressed. Thus, the b → u decays
will have smaller branching ratios. The interference between the b → c and b → u transitions gives the
measurement of the CKM angle γ. As is well-known, the charmed decays of B(s) are more complicated
because of the hierarchy of the scale involved compared with the decays of B(s) mesons to the light vector
mesons. For example, the B → D transitions involve three scales: the B meson mass mB , the D meson
massmD, and the mass difference from the heavy meson and the heavy quark Λ¯ = mB −mb ∼ mD−mc,
which are strikingly different from each other. Although, the factorization has been proved in soft-collinear
effective theory [27], it needs more inputs than the PQCD approach. It can be found that the momentum
square of the hard gluon connecting the spectator quark is only a factor of (1 − m2D/m2B) to that of the
B → light transitions for B → D transitions, which ensures that PQCD can also work well in B → D
transitions.
As addressed before, the B → DKK decay is expected to proceed through φ → KK intermediate
state. Moreover, this process can also be dominated by a series of other resonances in S, P , and D waves.
In this work, we will study the S, P and D wave resonance contributions to three-body decays B →
DKK by employing the PQCD approach, where the kaon-kaon invariant mass spectra are dominated by the
f0(980), f0(1370), φ(1020), φ(1680), f2(1270), f
′
2(1525), f2(1750) and f2(1950) resonances. However,
the theory of three-body non-leptonic decays is still in an early stage of development. Three-body B meson
decay modes do receive the entangled resonant and nonresonant contributions, as well as the possible final-
state interactions (FSIs) [28–30], whereas the relative strength of these contributions vary significantly in
different regions of the Dalitz plots [31, 32]. In this respect, three-body decays are considerably more
challenging than two-body decays, but provide a number of theoretical and phenomenological advantages.
On the one hand, the number of different three-body final states is about ten times larger than the number
of two-body decays. On the other hand, each final state has a non-trivial kinematic multiplicity (a two-
dimensional phase space) as opposed to two-body decays where the kinematics is fixed by the masses. This
leads to a much richer phenomenology, but there is no proof of factorization for the three-body B decays
at present. We can only restrict ourselves to specific kinematical configurations on basis of the Dalitz plot
analysis. The Dalitz plot contains different regions with “specifical” kinematics [33, 34]. The central region
corresponds to the case where all three final particles fly apart with similar large energy and none of them
moves collinearly to any other. This situation contains two hard gluons and is power and αs suppressed
with respect to the amplitude at the edge. The corners correspond to the case in which one final particle is
approximately at rest (i.e. soft), and the other two are fast and back-to-back. The central part of the edges
corresponds to the case in which two particles move collinearly and the other particle recoils back: this is
called the quasi-two-body decay. This situation exists particularly in the low ππ or Kπ or KK invariant
mass region of the Dalitz plot. Thereby, it is reasonable to assume the validity of factorization for the quasi-
two-body B meson decay. Naturally the dynamics associated with the pair of final state mesons can be
factorized into a two-meson distribution amplitude (DA) Φh1h2 [35–41].
In recent years, based on the PQCD approach, more and more detailed analysis on the three-body B
meson hadronic decays have been performed in the low energy resonances on ππ, KK , Kπ and πη
channels [42–60]. Other theoretical approaches for describing the three-body hadronic decays ofB mesons
based on the symmetry principles and factorization theorems have been developed. The QCD-improved
factorization (QCDF) [61–64] has been widely adopted in the study of the three-body charmless hadronic
3B meson decays [34, 65–76]. The U -spin and flavor SU(3) symmetries were used in Refs. [77–82]. Unlike
the collinear factorization in the QCD factorization approach and soft-collinear effective theory, the kT
factorization is utilized in the PQCD approach. In this approach, the transverse momentum of valence
quarks in the mesons is kept to avoid the endpoint singularity [83, 84]. The Sudakov factors from the kT
resummation have been included to suppress the long-distance contributions from the large-b region with b
being a variable conjugate to kT . Therefore, one can calculate the color-suppressed channels as well as the
color-allowed channels in charmed B decays within the PQCD approach. The conventional non-calculable
annihilation-type decays are also calculable in the PQCD approach, which is proved to be the dominant
strong phase in B decays for the direct CP asymmetry.
As aforementioned for the cases of the quasi-two-body decays, the two mesons (h1h2) move collinearly
fast, and the bachelor meson h3 is also energetic and recoils against the meson pair in the B meson rest
frame in the quasi-two-body B → (h1h2)h3 decays. The interaction between the meson pair and the
bachelor meson is regarded as to be power suppressed. The typical PQCD factorization formula for the
B → (h1h2)h3 decay amplitude can be described as the form of [42],
A = ΦB ⊗H ⊗ Φh1h2 ⊗ Φh3 , (1)
where H is the hard kernel, ΦB and Φh3 are the universal wave functions of the B meson and the bachelor
meson, respectively. The hard kernel H describes the dynamics of the strong and electroweak interactions
in three-body hadronic decays in a similar way as the one for the corresponding two-body decays. The wave
functions ΦB and Φh3 absorb the non-perturbative dynamics in the process. The Φh1h2 is the two-hadron
(KK pair in this work) DA, which involves the resonant and nonresonant interactions between the two
moving collinearly mesons.
The present paper is organized as follows. In Sec. II, we give a brief introduction for the theoretical
framework and the total decay amplitudes with the wilson coefficients, CKM matrix elements and the
amplitudes of four-quark operators needed in the calculation will be given in Sec. III. Section IV contains
the numerical values and some discussions. A brief summary is given in section V. The Appendix collects
the explicit PQCD factorization formulas for all the decay amplitudes.
II. FRAMEWORK
A. The effective Hamiltonian and kinematics
For B → D(∗)(R→)KK decays, the weak effective Hamiltonian can be specified as follows [85]:
Heff =
{
GF√
2
V ∗cbVuq [C1(µ)O1(µ) + C2(µ)O2(µ)] , for B(s) → D¯(∗)(R→)KK decays,
GF√
2
V ∗ubVcq [C1(µ)O1(µ) + C2(µ)O2(µ)] , for B(s) → D(∗)(R→)KK decays,
(2)
where Vcb(q) and Vub(q) are the CKM matrix elements and R denotes the various partial wave resonances
f0(980), f0(1370), φ(1020), φ(1680), f2(1270), f
′
2(1525), f2(1750) and f2(1950)
1, respectively. The ex-
plicit expressions of the local four-quark tree operators O1,2(µ) and the corresponding Wilson coefficients
C1,2(µ) can be found in Ref. [85]. The q in Eq. (2) represents the quark d or s. Noted that only tree di-
agrams contribute to these processes, which shows that there is no direct CP asymmetry in these decays.
The typical Feynman diagrams for the decays B(s) → D¯(∗)(R →)KK and B(s) → D(∗)(R →)KK are
shown in Fig. 1 and 2, respectively.
We will work in theB meson rest frame and employ the light-cone coordinates for momentum variables.
In the light-cone coordinates, we let the kaon pair and the final-state D(∗) move along the directions n =
1 In the following, we also use the abbreviation f0, φ, and f2 to denote the S, P , andD-wave resonances for simplicity.
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FIG. 1: Typical leading-order Feynman diagrams for the quasi-two-body decays B → D¯(∗)(R →)KK , with q =
(u, d, s), and the symbol • denotes the weak vertex. With the diagrams (a1)-(d1) for the B → R → KK transition,
as well as the diagrams (e1)-(h1) for annihilation contributions.
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FIG. 2: Typical leading-order Feynman diagrams for the quasi-two-body decays B → D(∗)(R →)KK , with q =
(u, d, s), and the symbol • denotes the weak vertex. With the diagrams (a1)-(d1) for the B → R → KK transition,
as well as the diagrams (e2)-(h2) for annihilation contributions.
(1, 0, 0T) and v = (0, 1, 0T), respectively. The B meson momentum pB, the total momentum of the kaon
pair, p = p1+p2, the final-stateD
(∗) momentum p3, and the quark momentum ki in each meson are defined
in the following form
pB =
mB√
2
(1, 1, 0T), kB =
(
0, xB
mB√
2
,kBT
)
,
p =
mB√
2
(1− r2D, η, 0T), k =
(
z(1− r2D)
mB√
2
, 0,kT
)
,
p3 =
mB√
2
(r2D, 1− η, 0T), k3 =
(
0, x3(1− η)mB√
2
,k3T
)
, (3)
where mB is the mass of the B meson, η =
ω2
m2
B
(1−r2
D
)
with rD = mD(∗)/mB , mD(∗) is the mass of the
bachelor meson, and the invariant mass squared ω2 = (p1 + p2)
2 = p2. The momentum fractions xB, z,
and x3 run from zero to unity, respectively. In the heavy quark limit, the mass difference Λ¯ between b-quark
(c-quark) and B(D) meson is negligible.
5As usual we also define the momentum p1 and p2 of kaon pair as
p1 = (ζp
+, (1− ζ)ηp+,p1T), p2 = ((1− ζ)p+, ζηp+,p2T), (4)
with ζ = p+1 /P
+ characterizing the distribution of the longitudinal momentum of the kaon and p21T =
p22T = ζ(1− ζ)ω2.
B. Wave functions of B meson and the D(∗) mesons
We use the wave function of B meson written as [86–92]
ΦB =
i√
2Nc
(p/B +mB)γ5φB(k1) , (5)
with the widely used B-meson DA in the PQCD approach [86, 89]
φB(x, b) = NBx
2(1− x)2exp
[
−M
2
B x
2
2ω2B
− 1
2
(ωB b)
2
]
, (6)
where the normalization factor NB depends on the values of ωB and fB and defined through the normal-
ization relation
∫ 1
0 dx φB(x, b = 0) = fB/(2
√
6). ωB is a free parameter and ωB = 0.40 ± 0.04 GeV and
ωBs = 0.50 ± 0.05 GeV [86, 91, 92] are used in the numerical calculations. Very recently, a new method
was proposed to calculate the B meson light-cone DA from lattice QCD, which can be used as an updated
input for the B meson DA in the future [93].
For the D(∗) meson, in the heavy quark limit, the two-parton light-cone DA can be written as [20–25]
〈D(p3)|qα(z)c¯β(0)|0〉 = i√
2Nc
∫ 1
0
dx eixp3·z [γ5(/p 3 + mD)φD(x, b)]αβ , (7)
〈D∗(p3)|qα(z)c¯β(0)|0〉 = − 1√
2Nc
∫ 1
0
dx eixp3·z[ǫ/L(/p 3 + mD∗)φ
L
D∗(x, b)
+ ǫ/T (/p 3 + mD∗)φ
T
D∗(x, b)]αβ , (8)
where
φD(x, b) = φ
L(T )
D∗ (x, b) =
1
2
√
2Nc
fD(∗) 6x(1− x) [1 + CD(1− 2x)] exp
[−ω2b2
2
]
, (9)
with CD = 0.5 ± 0.1, ω = 0.1 GeV and fD+ = 211.9 MeV [94] for D meson. In the above models, x
is the momentum fraction of the light quark in D meson. We determine the decay constant of the vector
meson D∗ by using the relation fD∗ =
√
mD
mD∗
fD based on the heavy quark effective theory [95].
C. Two-kaon DAs
Below, we briefly introduce the S, P , and D-wave two-kaon DAs and the corresponding time-like form
factors used in our framework. It will be shown that resonant contributions through two-body channels can
be included by parameterizing the two-kaon DAs. The S-wave two-kaon DAs are described in the following
form [53],
ΦI=0S =
1√
2Nc
[p/φ0S(z, ζ, ω
2) + ωφsS(z, ζ, ω
2) + ω(n/v/− 1)φtS(z, ζ, ω2)]. (10)
6In what follows the subscripts S, P , and D are always associated with the corresponding partial waves.
Above various twists DAs have similar forms as the corresponding twists for a scalar meson by replacing
the scalar decay constant with the scalar form factor [96]. For the scalar resonances f0(980) and f0(1370),
the asymptotic forms of the individual DAs in Eq. (10) have been parameterized as [35–38]
φ0S(z, ζ, ω
2) =
9FS(ω
2)√
2Nc
aSz(1 − z)(1 − 2z), (11)
φsS(z, ζ, ω
2) =
FS(ω
2)
2
√
2Nc
, (12)
φtS(z, ζ, ω
2) =
FS(ω
2)
2
√
2Nc
(1− 2z), (13)
with the time-like scalar form factor FS(ω
2) and the Gegenbauer coefficient aS .
The P -wave two-pion DAs related to both longitudinal and transverse polarizations have been studied
in Ref. [97]. Naively, the P -wave two-kaon ones can be obtained by replacing the pion vector form factors
with the corresponding kaon ones. The explicit expressions of the P -wave kaon-kaon DAs associated with
longitudinal (L) and transverse (T) polarization are described as follows,
ΦLP =
1√
2Nc
[
p/φ0P (z, ζ, ω
2) + ωφsP (z, ζ, ω
2) +
p/1p/2 − p/2p/1
ω(2ζ − 1) φ
t
P (z, ζ, ω
2)
]
, (14)
ΦTP =
1√
2Nc
[
γ5ǫ/T p/φ
T
P (z, ζ, ω
2) + ωγ5ǫ/Tφ
a
P (z, ζ, ω
2)
+iω
ǫµνρσγµǫTνpρn−σ
p · n− φ
v
P (z, ζ, ω
2)
]
. (15)
The two-kaon DAs for various twists are expanded in terms of the Gegenbauer polynomials:
φ0P (z, ζ, ω
2) =
3F
‖
P (ω
2)√
2Nc
z(1− z)
[
1 + a02P
3
2
(5(1 − 2z)2 − 1)
]
P1(2ζ − 1) , (16)
φsP (z, ζ, ω
2) =
3F⊥P (ω
2)
2
√
2Nc
(1− 2z) [1 + as2P (10z2 − 10z + 1)]P1(2ζ − 1) , (17)
φtP (z, ζ, ω
2) =
3F⊥P (ω
2)
2
√
2Nc
(1− 2z)2
[
1 + at2P
3
2
(5(1 − 2z)2 − 1)
]
P1(2ζ − 1) , (18)
φTP (z, ζ, ω
2) =
3F⊥P (ω
2)√
2Nc
z(1− z)
[
1 + aT2P
3
2
(5(1 − 2z)2 − 1)
]√
ζ(1− ζ), (19)
φaP (z, ζ, ω
2) =
3F
‖
P (ω
2)
4
√
2Nc
(1− 2z) [1 + aa2P (10z2 − 10z + 1)]√ζ(1− ζ), (20)
φvP (z, ζ, ω
2) =
3F
‖
P (ω
2)
8
√
2Nc
{
[1 + (1− 2z)2] + av2P [3(2z − 1)2 − 1]
}√
ζ(1− ζ), (21)
with the two P -wave form factors F
‖
P (ω
2) and F⊥P (ω
2) and the Gegenbauer coefficients ai2P .
We introduce the D-wave two-kaon DAs associated with longitudinal and transverse polarizations as
follows [53],
ΦLD =
√
2
3
1√
2Nc
[
p/φ0D(z, ζ, ω
2) + ωφsD(z, ζ, ω
2) +
p/1p/2 − p/2p/1
ω(2ζ − 1) φ
t
D(z, ζ, ω
2)
]
, (22)
ΦTD =
√
1
2
1√
2Nc
[γ5ǫ/T p/φ
T
D(z, ζ, ω
2) + ωγ5ǫ/Tφ
a
D(z, ζ, ω
2)
+iω
ǫµνρσγµǫTνpρn−σ
p · n− φ
v
D(z, ζ, ω
2)]. (23)
7The D-wave DAs are given as
φ0D(z, ζ, ω
2) =
6F
‖
D(ω
2)
2
√
2Nc
z(1− z) [3a0D(2z − 1)]P2(2ζ − 1), (24)
φsD(z, ζ, ω
2) = −9F
⊥
D (ω
2)
4
√
2Nc
[
a0D(1− 6z + 6z2)
]
P2(2ζ − 1), (25)
φtD(z, ζ, ω
2) =
9F⊥D (ω
2)
4
√
2Nc
[
a0D(1− 6z + 6z2)(2z − 1)
]
P2(2ζ − 1), (26)
φTD(z, ζ, ω
2) =
6F⊥D (ω
2)
2
√
2Nc
z(1− z) [3aTD(2z − 1)] T (ζ), (27)
φaD(z, ζ, ω
2) =
3F
‖
D(ω
2)
2
√
2Nc
aTD(2z − 1)3T (ζ), (28)
φvD(z, ζ, ω
2) = −3F
‖
D(ω
2)
2
√
2Nc
aTD(1− 6z + 6z2)T (ζ), (29)
with the ζ dependent factor P2(2ζ − 1) = 1 − 6ζ(1 − ζ) and T (ζ) = (2ζ − 1)
√
ζ(1− ζ). F ‖,⊥D (ω2) are
theD-wave time-like form factors and the Gegenbauer moments a0,TD have been determined in our previous
work [53].
The strong interactions between the resonance and the final-state meson pair, including elastic rescat-
tering of the final-state meson pair, can be factorized into the time-like form factor FS,P,D(ω
2), which is
guaranteed by the Watson theorem [98]. For a narrow resonance, we usually use the relativistic BW line
shape to parameterize the time-like form factor F (ω2). The explicit expression is [99],
F (ω2) =
∑
i
cim
2
i
m2i − ω2 − imiΓi(ω2)
, (30)
where the corresponding weight coefficients ci are determined based on the normalization condition
F (0) = 1. The mi and Γi are the pole mass and width of the corresponding resonances shown in Ta-
ble I, respectively. The mass-dependent width Γi(ω) is defined as
Γi(ω
2) = Γi
(mi
ω
)( |~p1|
|~p0|
)(2LR+1)
. (31)
The |~p1| is the momentum vector of the resonance decay product measured in the resonance rest frame,
while |~p0| is the value of |~p1| at ω = mi. The explicit expression of kinematic variables |~p1| is
|~p1| =
√
λ(ω2,m2h1 ,m
2
h2
)
2ω
, (32)
with the Ka¨lle´n function λ(a, b, c) = a2+b2+c2−2(ab+ac+bc). LR is the orbital angular momentum in
the dikaon system and LR = 0, 1, 2, ... corresponds to the S,P,D, ... partial-wave resonances. Due to the
limited studies on the form factor F⊥(ω2), we use the two decay constants f (T )i of the intermediate particle
to estimate the form factor ratio rT = F⊥(ω2)/F ‖(ω2) ≈ (fTi /fi).
The BW formula does not work well for f0(980), since its pole mass is close to the KK¯ thresh-
old. The resulting line shape above and below the threshold of the intermediate particle is called Flatte´
parametrization [103]. If the coupling of a resonance to the channel opening nearby is very strong, the
Flatte´ parametrization shows a scaling invariance and does not allow for an extraction of individual partial
decay widths. We then employ the Flatte´ model,
F (ω2) =
1
m2f0(980) − ω2 − imf0(980)(gpipiρpipi + gKKρKK)
. (33)
8TABLE I: Parameters used to describe intermediate states in our framework.
Resonance Mass [MeV] Width [MeV] JPC Model Source
f0(980) 990 − 0++ Flatte´ PDG [94]
f0(1370) 1475 113 0
++ RBW LHCb [100]
φ(1020) 1019 4.25 1−− RBW PDG [94]
φ(1680) 1689 211 1−− RBW Belle [101]
f2(1270) 1276 187 2
++ RBW PDG [94]
f ′2(1525) 1525 73 2
++ RBW PDG [94]
f2(1750) 1737 151 2
++ RBW Belle [102]
f2(1950) 1980 297 2
++ RBW Belle [102]
The coupling constants gpipi = 0.167 GeV and gKK = 3.47gpipi [104, 105] describe the f0(980) decay into
the final states π+π− and K+K−, respectively. The phase space factors ρpipi and ρKK read as [103, 104,
106]
ρpipi =
2
3
√
1− 4m
2
pi±
ω2
+
1
3
√
1− 4m
2
pi0
ω2
, ρKK =
1
2
√
1− 4m
2
K±
ω2
+
1
2
√
1− 4m
2
K0
ω2
. (34)
D. The differential branching ratio
The double differential branching ratio can be obtained as [94]
d2B
dζdω
=
τBω|~p1||~p3|
32π3m3B
|A|2. (35)
The three-momenta of the kaon and D meson in the KK center-of-mass frame are given by
|~p1| =
√
λ(ω2,m2K ,m
2
K)
2ω
, |~p3| =
√
λ(m2B ,m
2
D, ω
2)
2ω
. (36)
The complete amplitudeA through intermediate resonances for the concerned decay channels can be written
as the summation of AS , AP and AD:
A = AS +AP +AD, (37)
where AS , AP , and AD denote the corresponding three S, P and D wave decay amplitudes.
Due to the angular momentum conservation requirement, the vector mesons φ, D¯∗,D∗ and tensor meson
f
(′)
2 in the quasi-two-body decays B(s) → (D¯∗,D∗)[f0 →]KK and B(s) → (D¯,D)[φ, f (′)2 →]KK should
be completely polarized in the longitudinal direction. For B(s) → (D¯∗,D∗)[φ, f (′)2 →]KK decays, both
the longitudinal polarization and the transverse polarization contribute. The amplitudes can be decomposed
as follows:
AP (D) = AL +ANǫT · ǫ3T + iAT ǫαβρσnα+nβ−ǫρT ǫσ3T , (38)
where AL is the longitudinally polarized decay amplitude, AN and AT are the transversely polarized contri-
butions. Therefore, the total decay amplitude for B(s) → (D¯∗,D∗)[φ, f (′)2 →]KK decays can be expressed
as
|AP (D)|2 = |A0|2 + |A‖|2 + |A⊥|2, (39)
9where A0,A‖ and A⊥ are defined as:
A0 = AL, A‖ =
√
2AN , A⊥ =
√
2AT . (40)
The polarization fractions fλ with λ = 0, ‖, and ⊥ are described as
fλ =
|Aλ|2
|A0|2 + |A‖|2 + |A⊥|2
, (41)
with the normalisation relation f0 + f‖ + f⊥ = 1.
III. CALCULATION OF DECAY AMPLITUDES IN PQCD APPROACH
In this section, we intend to calculate the relevant decay amplitudes. For the considered B(s) →
D¯(∗)(R→)KK decays, the analytic formulas for the corresponding decay amplitudes are of the following
form:
• S-wave:
A(B0s → D¯0(f0 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
ef0 + C2M
LL
ef0
]
, (42)
A(B0s → D¯∗0(f0 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
ef0 + C2M
LL
ef0
]
. (43)
• P-wave:
A(B0s → D¯0(φ→)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
eφ + C2M
LL
eφ
]
, (44)
Ai(B0s → D¯∗0(φ→)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
eφ,i + C2M
LL
eφ,i
]
. (45)
• D-wave:
A(B0 → D¯0(f q2 →)K+K−) =
GF√
2
V ∗cbVud
[
a2(F
LL
ef2 + F
LL
af2 ) + C2(M
LL
ef2 +M
LL
af2)
]
, (46)
A(B0s → D¯0(f q2 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
af2 + C2M
LL
af2
]
, (47)
A(B0s → D¯0(f s2 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
ef2 + C2M
LL
ef2
]
, (48)
Ai(B0 → D¯∗0(f q2 →)K+K−) =
GF√
2
V ∗cbVud
[
a2(F
LL
ef2,i + F
LL
af2,i) + C2(M
LL,i
ef2,i
+MLL,iaf2,i)
]
,
(49)
Ai(B0s → D¯∗0(f q2 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LLi
af2,i + C2M
LL
af2,i
]
, (50)
Ai(B0s → D¯∗0(f s2 →)K+K−) =
GF√
2
V ∗cbVus
[
a2F
LL
ef2,i + C2M
LL
ef2,i
]
. (51)
While for B(s) → D(∗)(R→)KK channels, the total decay amplitudes are written as:
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• S-wave:
A(B0s → D0(f0 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
ef0 + C2M
LL
ef0 ], (52)
A(B0s → D∗0(f0 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
ef0 + C2M
LL
ef0 ]. (53)
• P-wave:
A(B0s → D0(φ→)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
eφ + C2M
LL
eφ ], (54)
Ai(B0s → D∗0(φ→)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
eφ,i + C2M
LL
eφ,i]. (55)
• D-wave:
A(B+ → D+(f q2 →)K+K−) =
GF√
2
V ∗ubVcd[a1(F
LL
ef2 + F
LL
aD ) + C1(M
LL
ef2 +M
LL
aD )], (56)
A(B0 → D0(f q2 →)K+K−) =
GF√
2
V ∗ubVcd[a2(F
LL
ef2 + F
LL
aD ) + C2(M
LL
ef2 +M
LL
aD )], (57)
A(B0s → D0(f q2 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
aD + C2M
LL
aD ], (58)
A(B0s → D0(f s2 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
ef2 + C2M
LL
ef2 ], (59)
Ai(B+ → D∗+(f q2 →)K+K−) =
GF√
2
V ∗ubVcd[a1(F
LL
ef2,i + F
LL
aD∗,i) + C1(M
LL
ef2,i +M
LL
aD∗,i)],(60)
Ai(B0 → D∗0(f q2 →)K+K−) =
GF√
2
V ∗ubVcd[a2(F
LL
ef2,i + F
LL
aD∗,i) + C2(M
LL
ef2,i +M
LL
aD∗,i)],(61)
Ai(B0s → D∗0(f q2 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
aD∗,i +C2M
LL
aD∗,i], (62)
Ai(B0s → D∗0(f s2 →)K+K−) =
GF√
2
V ∗ubVcs[a2F
LL
ef2,i + C2M
LL
ef2,i], (63)
in which the combinations ai of the Wilson coefficients are defined as:
a1 = C2 +
C1
3
, a2 = C1 +
C2
3
. (64)
For B(s) → (D¯∗,D∗)[φ, f (′)2 →]KK decays, the superscript i = L,N, T , represent longitudinal, parallel,
and transverse polarization contributions respectively. FLLe(a) and M
LL
e(a) describe the contributions from the
factorizable emission (annihilation) and non-factorizable emission (annihilation) diagrams as show in Fig. 1
and 2. The explicit expressions of the amplitudes FLLe(a) andM
LL
e(a) will be given in the Appendix.
IV. NUMERICAL RESULTS
In this section, let us firstly list the parameters used in our numerical calculations, such as the masses (in
units of GeV) [94]:
mB = 5.280, mBs = 5.367, mb = 4.8, mc = 1.275, mK± = 0.494,
mD± = 1.870, mD0/D¯0 = 1.864, mD∗± = 2.010, mD∗0/D¯∗0 = 2.007. (65)
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The values of the Wolfenstein parameters are adopted as given in the Ref. [94]: A = 0.836 ± 0.015, λ =
0.22453 ± 0.00044, ρ¯ = 0.122+0.018−0.017, η¯ = 0.355+0.012−0.011.
The decay constants (in units of GeV) and the B meson lifetimes (in units of ps) are chosen as [48, 107,
108]
fB = 0.19 ± 0.02, fBs = 0.23 ± 0.02, fφ(1020) = 0.215, fTφ(1020) = 0.186,
ff2(1270) = 0.102, f
T
f2(1270)
= 0.117, ff ′2(1525) = 0.126, f
T
f ′2(1525)
= 0.065,
τB0 = 1.519, τB± = 1.638, τBs = 1.512. (66)
The form factor ratio rT , the coefficients ci and the Gegenbauer moments aS,P,D are adopted the same
values as those determined in Ref. [53]
rT (φ(1020)) = 0.865, rT (φ(1680)) = 0.6, rT (f2(1270)) = 1.15,
rT (f ′2(1525)) = 0.52, r
T (f2(1750)) = 0.3, r
T (f2(1950)) = 1.5,
cf0(1370) = 0.12e
ipi
2 , cφ(1680) = 0.6, cf ′2(1525) = 1.2,
cf2(1270) = 0.1e
ipi , cf2(1750) = 0.4e
ipi, cf2(1950) = 0.3,
aS = 0.80 ± 0.16, a0D = 0.40 ± 0.08, aTD = 0.90 ± 0.18,
a02P = −0.50 ± 0.10, as2P = −0.70 ± 0.14, at2P = −0.30± 0.06,
aT2P = −0.50 ± 0.10, aa2P = 0.40 ± 0.08, av2P = −0.60± 0.12. (67)
By using the Eqs. (35-41), the decay amplitudes in Sec. III and Appendix and all the input quantities,
the resultant branching ratios B and the polarization fractions fλ together with the available experimental
measurements for the considered quasi-two-body decays B(s) → [D(∗), D¯(∗)](R →)KK are summarized
in Tables II-VI. In our numerical calculations for the branching ratios and polarization fractions, the first
theoretical uncertainty results from the parameters of the wave functions of the initial and final states, such
as the shape parameter ωB = 0.40 ± 0.04 GeV or ωBs = 0.50 ± 0.05 GeV and CD = 0.5 ± 0.1, and the
decay constant fB(s) in B(s) meson wave function. The second one is due to the Gegenbauer moments in
DAs ofKK pair with different intermediate resonances, which are supposed to be varied with a 20% range
for the error estimation. With the improvements of the experiments and the deeper theoretical developments,
this kind of uncertainties will be reduced. The last one is caused by the variation of the hard scale t from
TABLE II: PQCD results for the branching ratios of the S, P andD wave resonance channels in theB0(s) → D¯K+K−
decay together with experimental data [94]. The theoretical errors are attributed to the variation of the shape param-
eters ωB(s)(CD¯) in the wave function of B(s)(D¯) meson and the decay constant fB(s) , the Gegenbauer moments of
two-kaon DAs, and the hard scale t and the QCD scale ΛQCD, respectively.
Decay Modes Quasi-two-body Data [94]
B0s → D¯0(f0(980)→)K+K− B(10−6) 1.15+0.52+0.57+0.68−0.38−0.45−0.54 < 1.55
B0s → D¯0(f0(1370)→)K+K− B(10−7) 5.66+2.68+2.70+3.18−1.95−2.21−2.56 · · ·
B0s → D¯0(φ(1020)→)K+K− B(10−5) 1.21+0.51+0.23+0.90−0.41−0.30−0.54 1.50± 0.25
B0s → D¯0(φ(1680)→)K+K− B(10−6) 1.35+0.67+0.24+1.10−0.48−0.23−0.72 · · ·
B0s → D¯0(f2(1270)→)K+K− B(10−7) 1.87+0.49+0.79+0.35−0.47−0.69−0.62 · · ·
B0s → D¯0(f ′2(1525)→)K+K− B(10−6) 3.56+1.42+1.57+1.94−1.12−1.28−1.62 · · ·
B0s → D¯0(f2(1750)→)K+K− B(10−7) 2.76+1.17+1.22+1.46−0.90−0.99−1.18 · · ·
B0s → D¯0(f2(1950)→)K+K− B(10−8) 7.02+2.36+3.10+3.66−2.01−2.52−3.91 · · ·
B0 → D¯0(f2(1270)→)K+K− B(10−6) 3.54+1.60+1.55+1.20−1.45−1.28−1.15 · · ·
B0 → D¯0(f ′2(1525)→)K+K− B(10−8) 5.86+5.57+3.97+2.68−1.53−1.49−1.90 · · ·
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TABLE III: PQCD results for the branching ratios of the S, P and D wave resonance channels in the B0(s) →
D¯∗K+K− decay together with experimental data [94]. The theoretical errors are attributed to the variation of the
shape parameters ωB(s)(CD¯∗) in the wave function of B(s)(D¯
∗) meson and the decay constant fB(s) , the Gegenbauer
moments of two-kaon DAs, and the hard scale t and the QCD scale ΛQCD, respectively.
Decay Modes Quasi-two-body Data [94]
B0s → D¯∗0(f0(980)→)K+K− B(10−7) 9.67+4.50+4.74+5.55−3.18−3.74−4.34 · · ·
B0s → D¯∗0(f0(1370)→)K+K− B(10−7) 4.66+2.29+2.23+2.78−1.55−1.82−2.09 · · ·
B0s → D¯∗0(φ(1020)→)K+K− B(10−5) 1.76+0.64+0.22+0.92−0.51−0.18−0.70 1.85± 0.30
B0s → D¯∗0(φ(1680)→)K+K− B(10−6) 2.11+0.90+0.27+0.98−0.66−0.19−0.66 · · ·
B0s → D¯∗0(f2(1270)→)K+K− B(10−7) 2.45+0.67+0.95+0.25−0.56−0.78−0.31 · · ·
B0s → D¯∗0(f ′2(1525)→)K+K− B(10−6) 6.99+2.91+2.24+1.77−2.19−1.81−1.35 · · ·
B0s → D¯∗0(f2(1750)→)K+K− B(10−7) 6.25+2.54+2.04+1.21−1.98−1.66−0.99 · · ·
B0s → D¯∗0(f2(1950)→)K+K− B(10−7) 3.55+1.22+1.26+1.10−1.05−1.03−0.74 · · ·
B0 → D¯∗0(f2(1270)→)K+K− B(10−5) 3.67+1.21+1.42+0.66−1.01−1.15−0.58 · · ·
B0 → D¯∗0(f ′2(1525)→)K+K− B(10−7) 5.76+1.81+2.17+0.84−1.57−1.77−0.59 · · ·
TABLE IV: PQCD results for the branching ratios of the S, P and D wave resonance channels in the B0(s) →
DK+K− decay. The theoretical errors are attributed to the variation of the shape parameters ωB(s)(CD) in the wave
function of B(s)(D) meson and the decay constant fB(s) , the Gegenbauer moments of two-kaon DAs, and the hard
scale t and the QCD scale ΛQCD, respectively.
Decay Modes Quasi-two-body
B0s → D0(f0(980)→)K+K− B(10−7) 1.11+0.53+0.50+0.29−0.39−0.39−0.40
B0s → D0(f0(1370)→)K+K− B(10−8) 3.91+1.54+1.89+0.48−1.26−1.46−1.10
B0s → D0(φ(1020)→)K+K− B(10−7) 9.65+3.64+4.05+2.03−3.69−4.23−3.88
B0s → D0(φ(1680)→)K+K− B(10−8) 7.42+4.32+4.27+2.49−2.79−3.18−2.61
B0s → D0(f2(1270)→)K+K− B(10−8) 7.23+1.90+3.19+1.09−1.58−2.60−1.37
B0s → D0(f ′2(1525)→)K+K− B(10−7) 4.39+2.04+1.94+1.17−1.53−1.58−1.54
B0s → D0(f2(1750)→)K+K− B(10−8) 2.29+2.12+1.74+1.47−0.39−0.50−0.49
B0s → D0(f2(1950)→)K+K− B(10−8) 4.07+1.63+1.79+0.60−1.28−1.47−1.20
B+ → D+(f2(1270)→)K+K− B(10−7) 1.76+0.44+0.78+0.10−0.40−0.63−0.22
B+ → D+(f ′2(1525)→)K+K− B(10−9) 1.05+0.25+0.46+0.02−0.24−0.38−0.15
B0 → D0(f2(1270)→)K+K− B(10−8) 1.66+0.56+0.73+0.16−0.45−0.60−0.28
B0 → D0(f ′2(1525)→)K+K− B(10−10) 1.52+0.48+0.67+0.16−0.37−0.54−0.29
0.75t to 1.25t (without changing 1/bi) and the QCD scale ΛQCD = 0.25 ± 0.05 GeV, which characterizes
the effect of the next-to-leading-order QCD contributions. The possible errors due to the uncertainties of
mc and CKM matrix elements are very small and can be neglected safely.
Compared with B(s) → D(∗)R→ D(∗)KK decays, the B(s) → D¯(∗)R→ D¯(∗)KK ones are enhanced
by the CKM matrix elements |Vcb/Vub|2, especially for those without a strange quark in the four-quark
operators. So for most of the B(s) → D¯(∗)R→ D¯(∗)KK decays, the branching ratios are at the order from
10−7 to 10−5; while for the B(s) → D(∗)R → D(∗)KK decays, the branching ratios are at the order from
10−9 to 10−7. The two-body branching fraction B(B → D(∗)R) can be extracted from the corresponding
quasi-two-body decay modes in Tables II-V under the narrow width approximation relation
B(B → D(∗)R→ D(∗)K+K−) = B(B → D(∗)R) · B(R→ K+K−). (68)
By using the measured branching fractions B(φ(1020) → K+K−) = 49.2%, B(f2(1270) → K+K−) =
13
TABLE V: PQCD results for the branching ratios of the S, P and D wave resonance channels in the B0(s) →
D∗K+K− decay. The theoretical errors are attributed to the variation of the shape parameters ωB(s)(CD∗) in the
wave function of B(s)(D
∗) meson and the decay constant fB(s) , the Gegenbauer moments of two-kaon DAs, and the
hard scale t and the QCD scale ΛQCD, respectively.
Decay Modes Quasi-two-body
B0s → D∗0(f0(980)→)K+K− B(10−8) 8.14+3.73+2.91+1.98−2.89−2.37−2.83
B0s → D∗0(f0(1370)→)K+K− B(10−8) 3.06+1.13+1.13+0.46−1.00−0.97−0.81
B0s → D∗0(φ(1020)→)K+K− B(10−7) 6.39+1.73+0.93+0.07−2.90−2.64−3.46
B0s → D∗0(φ(1680)→)K+K− B(10−8) 4.69+2.83+2.01+1.18−1.66−1.82−1.54
B0s → D∗0(f2(1270)→)K+K− B(10−8) 3.12+0.67+1.18+0.62−0.64−0.96−0.89
B0s → D∗0(f ′2(1525)→)K+K− B(10−7) 4.01+1.61+1.64+0.79−1.43−1.34−1.13
B0s → D∗0(f2(1750)→)K+K− B(10−8) 2.22+1.11+0.93+0.65−0.80−0.77−0.66
B0s → D∗0(f2(1950)→)K+K− B(10−8) 4.87+1.93+1.81+0.61−1.49−1.49−1.09
B+ → D∗+(f2(1270)→)K+K− B(10−7) 1.72+0.47+0.62+0.18−0.42−0.51−0.20
B+ → D∗+(f ′2(1525)→)K+K− B(10−9) 1.06+0.24+0.36+0.10−0.24−0.30−0.13
B0 → D∗0(f2(1270)→)K+K− B(10−8) 1.10+0.36+0.38+0.17−0.30−0.32−0.30
B0 → D∗0(f ′2(1525)→)K+K− B(10−11) 7.96+2.41+3.21+1.12−2.11−2.61−2.61
2.3% and B(f ′2(1525) → K+K−) = 44.4% [94] as an input, we can extract the branching ratios of two-
body decaysB → D(∗)φ(1020), B → D(∗)f2(1270) andB → D(∗)f ′2(1525), which agree with those from
the two-body analyses based on the PQCD approach [23–25] within errors. The tiny differences between our
predictions of the two-body decays and previous results of Refs. [23–25] are mainly due to the parametric
origins and the power corrections related to the ratio r2D = m
2
D/m
2
B . As we know, a significant impact
of nonfactorizable contribution is expected for a colour suppressed decay mode. Taking the decay channel
B0s → D¯∗0(φ(1020) →)K+K− as an example, one can see that the inclusion of the power correction
r2D can suppress the branching ratio efficiently, especially for the contributions of nonfactorizable emission
diagrams as shown in Table VII.
Now, we come to discuss the contributions of P -wave resonances. It is obvious that the PQCD pre-
dictions of the B(B0s → D¯(∗)0φ(1020) → D¯(∗)0K+K−) are consistent well with the experimental data
within errors. Taking B0s → D¯0K+K− decay as an example, we can calculate the total P -wave res-
onance contributions B(B0s → D¯0K+K−)P-wave = 1.32 × 10−5, which is nearly equal to the sum of
resonance contributions from φ(1020) and φ(1680). The main reason is that the interference between the
two P -wave resonant states φ(1020) and φ(1680) is really small due to the rather narrow width of the for-
mer (Γφ(1020) = 4.25MeV). Since the contribution from high mass resonance is one order of magnitude
smaller, the P -wave resonance contribution is dominant by φ(1020). From the numerical results given in
Table II and III, we obtain the relative ratio R(φ) between the branching ratio of B0s meson into D¯
∗0 and
D¯0 plus the resonance φ,
RPQCD(φ) =
B(B0s → D¯∗0(φ→)K+K−)
B(B0s → D¯0(φ→)K+K−)
= 1.45+1.28−1.06, (69)
which is in agreement with the corresponding ratio of φ reported by the LHCb measurement [18],
Rexp(φ) =
B(B0s → D¯∗0(φ→)K+K−)
B(B0s → D¯0(φ→)K+K−)
= 1.23 ± 0.20 ± 0.08, (70)
where the first uncertainty is statistical and the second is systematic.
Utilizing the PQCD prediction in Table II and B(B0s → D¯0K¯∗0)) = (2.33+1.18−0.69)× 10−4 taken from our
previous work in Ref. [51] together with the two known branching ratios B(φ→ K+K−) = (49.2±0.5)%
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TABLE VI: PQCD results for the polarization fractions of the B0(s) → (D¯∗, D∗)[φ, f (′)2 →]K+K− decays together
with experimental data [94]. The theoretical errors are attributed to the variation of the shape parameters ωB(s)(CD∗)
in the wave function of B(s)(D
∗) meson and the decay constant fB(s) , the Gegenbauer moments of two-kaon DAs,
and the hard scale t and the QCD scale ΛQCD, respectively.
Decay Modes f0(%) f‖(%) f⊥(%)
B0s → D¯∗0(φ(1020)→)K+K− 54.7+1.4+5.2+12.7−2.2−5.4−17.0 34.4+1.6+3.7+13.6−1.4−4.0−10.0 10.9+0.6+3.1+3.5−0.0−2.2−2.8
Data [94] 73± 15± 4 · · · · · ·
B0s → D¯∗0(φ(1680)→)K+K− 45.9+1.7+5.9+14.1−1.8−5.3−15.2 39.1+1.6+3.9+13.0−1.3−4.3−10.9 14.9+0.3+2.7+2.8−0.2−2.6−3.1
B0s → D¯∗0(f2(1270)→)K+K− 12.9+1.9+7.6+0.9−1.6−5.5−1.4 34.2+0.6+2.1+1.5−0.8−3.1−2.8 52.9+1.2+3.3+2.0−1.9−4.6−1.0
B0s → D¯∗0(f ′2(1525)→)K+K− 38.8+1.9+14.1+11.8−1.7−12.9−12.2 29.1+0.8+6.1+6.6−0.9−6.7−5.9 32.1+0.9+6.7+5.7−1.2−7.5−5.9
B0s → D¯∗0(f2(1750)→)K+K− 34.7+1.5+13.6+10.7−1.6−12.2−11.1 31.6+0.8+5.8+5.8−0.8−6.7−5.4 33.8+0.7+6.2+5.2−0.9−7.2−5.6
B0s → D¯∗0(f2(1950)→)K+K− 23.5+2.7+11.4+14.0−3.8−9.2−10.3 35.8+1.5+4.3+5.5−1.2−5.4−7.1 40.7+2.3+5.0+4.8−1.5−6.0−7.0
B0 → D¯∗0(f2(1270)→)K+K− 13.4+1.8+7.6+9.2−1.7−5.7−7.5 37.8+1.0+2.5+3.2−1.0−3.3−3.9 48.8+0.7+3.3+4.3−0.8−4.3−5.3
B0 → D¯∗0(f ′2(1525)→)K+K− 16.1+2.2+8.9+8.4−2.5−6.7−7.1 32.2+1.1+2.6+3.1−0.9−3.4−3.2 51.7+1.4+4.2+4.1−1.4−5.5−5.1
B0s → D∗0(φ(1020)→)K+K− 79.6+1.6+5.2+1.9−2.8−12.6−6.2 13.5+2.3+8.1+2.1−3.1−3.6−3.2 6.9+1.5+4.9+4.2−0.0−2.2−0.0
B0s → D∗0(φ(1680)→)K+K− 75.6+1.8+9.5+1.9−1.2−14.5−11.2 8.9+0.6+5.3+8.2−0.4−3.5−0.4 15.5+0.8+9.2+3.0−1.4−6.0−1.8
B0s → D∗0(f2(1270)→)K+K− 84.2+0.2+6.7+1.8−0.3−8.8−2.8 9.1+0.2+5.1+1.4−0.0−3.8−1.1 6.7+0.1+3.7+1.5−0.2−2.8−0.9
B0s → D∗0(f ′2(1525)→)K+K− 92.6+0.7+3.4+2.5−0.3−4.7−1.7 3.9+0.2+2.6+0.8−0.3−1.7−1.1 3.5+0.3+2.1+0.7−0.5−1.7−1.4
B0s → D∗0(f2(1750)→)K+K− 95.5+0.8+2.1+1.5−0.3−2.9−2.2 2.2+0.3+1.3+2.3−1.1−1.1−3.6 2.3+0.3+1.6+0.9−0.2−1.0−0.3
B0s → D∗0(f2(1950)→)K+K− 83.2+0.6+7.1+3.6−0.5−9.0−1.8 9.1+0.6+5.1+0.9−0.3−3.8−1.6 7.6+0.1+4.1+0.8−0.2−3.1−1.8
B+ → D∗+(f2(1270)→)K+K− 79.3+0.1+8.3+1.1−0.1−10.7−0.6 11.9+0.1+6.2+1.1−0.1−4.8−1.0 8.8+0.1+4.6+0.1−0.0−3.5−0.7
B+ → D∗+(f ′2(1525)→)K+K− 72.9+2.3+10.3+1.0−1.4−12.4−1.7 16.1+1.0+7.5+1.5−1.2−6.1−0.0 11.0+0.4+5.0+1.4−1.2−4.2−2.4
B0 → D∗0(f2(1270)→)K+K− 75.4+1.0+9.5+4.0−0.7−11.8−1.2 14.2+0.4+6.8+0.8−0.2−5.5−2.0 10.4+0.3+5.0+0.3−0.8−4.0−2.0
B0 → D∗0(f ′2(1525)→)K+K− 90.8+0.7+4.2+3.6−0.9−5.6−2.7 3.0+0.5+1.8+1.5−0.0−1.3−1.7 6.2+0.6+3.8+1.2−0.5−2.8−2.3
TABLE VII: Branching fractions with (and without) the r2D dependent terms in the B
0
s → D¯∗0(φ(1020)→)K+K−
decays. ”FE” and ”NFE” represent the contributions from factorizable emission and non-factorizable emission dia-
grams, respectively.
FE B (in 10−7) NFE B (in 10−5) Total (in 10−5)
Modes BRL BRN BRT BRL BRN BRT Br
B0s → D¯∗0(φ(1020)→)K+K− 0.26 1.32 0.04 1.35 0.66 0.24 2.26
B0s → D¯∗0(φ(1020)→)K+K−(r2D) 0.27 1.04 0.16 0.95 0.53 0.18 1.76
and B(K∗ → Kπ) ∼ 100% [94] , we expect that
RPQCD
φ/K¯∗0
=
B(B0s → D¯0φ)
B(B0s → D¯0K¯∗0)
= 0.11+0.09−0.07, (71)
which is a bit larger than the data measured by LHCb [14],
R
exp
φ/K¯∗0
=
B(B0s → D¯0φ)
B(B0s → D¯0K¯∗0)
= 0.069 ± 0.013(stat)± 0.007(syst). (72)
Recalling that the theoretical errors are relatively large, one still can count them as being consistent within
one standard deviation.
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In contrast to the vector resonances, the identification of the scalar mesons is a long-standing puzzle.
Scalar resonances are difficult to resolve because some of them have large decay widths, which cause a
strong overlap between resonances and background. The prominent appearance of the f0(980) implies a
dominant (s¯s) component in the semileptonic Ds decays and decays of B(s) mesons. Ratios of decay rates
of B and/or Bs mesons into J/ψ plus f0(980) or f0(500) were proposed to allow for an extraction of the
flavor mixing angle and to probe the tetraquark nature of those mesons within a certain model [109, 110].
The phenomenological fits of the LHCb collaboration do neither allow for a contribution of the f0(980)
in the B → J/ψππ [105] nor an f0(500) in Bs → J/ψππ decays [104] by using the isobar model. The
authors conclude that their data is incompatible with a model where f0(980) is formed from two quarks and
two antiquarks (tetraquarks) at the eight standard deviation level. In addition, they extract an upper limit for
the mixing angle of 17◦ at 90% confidence level between the f0(980) and the f0(500) that would correspond
to a substantial (s¯s) content in f0(980) [105]. However, a substantial f0(980) contribution is also found in
the B-decays in a dispersive analysis of the same data that allows for a model-independent inclusion of the
hadronic final state interactions in Ref. [111], which puts into question the conclusions of Ref. [105]. At
this stage, the quark structure of scalar particles are still quite controversial. As a first approximation, the
S-wave time-like form factor FS(m
2
KK) used to parameterize the S-wave two-kaon distribution amplitude
has been determined in Ref. [53]. Therefore, we take into account f0(980) and f0(1370) in the s¯s density
operator.
For the S-wave resonances f0(980) and f0(1370), firstly we define the ratio between the f0(980) →
K+K− and f0(980)→ π+π−,
RK/pi =
B(B0s → D¯0f0(980)(→ K+K−))
B(B0s → D¯0f0(980)(→ π+π−))
≈ B(f0(980)→ K
+K−)
B(f0(980) → π+π−) . (73)
On the experimental side, BABAR measured the ratio of the partial decay width of f0(980) → K+K−
to f0(980) → π+π− of RexpK/pi = 0.69 ± 0.32 using B → KK+K− and B → Kπ+π− decays [112].
Meanwhile, BES performs a partial wave analysis of χc0 → f0(980)f0(980) → π+π−π+π− and
χc0 → f0(980)f0(980) → π+π−K+K− in ψ(2S) → γχc0 decay and extracts the ratio as RexpK/pi =
0.25+0.17−0.11 [113, 114]. Their average yields R
exp
K/pi = 0.35
+0.15
−0.14 [16]. Recently, LHCb Collaboration [15]
reported a measurement, B(B0s → D¯0f0(980) → D¯0π+π−) = (1.7 ± 1.1) × 10−6, one can roughly infer
the wide range of Bexp(B0s → D¯0f0(980) → D¯0K+K−) = (0.2 − 1.0) × 10−6 combining with the ratio
R
exp
K/pi. Our PQCD prediction B(B0s → D¯0f0(980) → D¯0K+K−) = (1.15+1.02−0.79)×10−6 lies in above range
within errors, which is also agree with the upper limit 1.55× 10−6 given by PDG [94] as shown in Table II.
However, BES also measured RK/pi = 0.625 ± 0.21 by studying the decays J/ψ → φf0(980) → φπ+π−
and J/ψ → φf0(980) → φK+K− in Ref. [115]. It seems that we hardly can reach a reliable and universal
RK/pi. It should be stressed that there are large uncertainties in both experimental measurements and the
theoretical calculations, so the discrepancy between the data and the theoretical results could be clarified
with the high precision experimental data and the high precision of theoretical calculations. Since the sit-
uation of the knowledge about the f0(1370) decaying into KK or ππ is rather unclear, no evidence of the
f0(1370) resonance in B → DKK decay has been reported so far. Our predictions on the KK channel
involving the scalar resonances f0(980) and f0(1370) in Tables II-V will be investigated at the ongoing
LHCb and Belle-II experiments in the future.
The branching ratios of the considered D-wave resonances are also presented in Tables II-V. Belle [10]
provided a Dalitz plot analysis of B¯0 → D0π+π− decays and obtain the branching ratio of B(B¯0 →
D0f2) = (1.20± 0.18(stat)± 0.21(syst))× 10−4. Afterwards, LHCb [16] analysed the resonant substruc-
tures ofB0 → D¯0π+π− decays and reported the branching ratio of B(B0 → D¯0f2) = (1.68±0.11(stat)±
0.21(syst)) × 10−4(Isobar). Their weighted average yields B(B0 → D¯0f2) = (1.56 ± 0.21) × 10−4 [94].
For a more direct comparison, we can extract out the branching fraction for the two-body decay B(B0 →
D¯0f2) = (1.54
+1.08
−0.97) × 10−4 through the narrow-width approximation relation in Eq. (68), which agrees
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FIG. 3: (a) The m(K+K−)-dependence of the differential decay rates dB/dω for the contributions from the reso-
nances f0(980), f0(1370), φ(1020), φ(1680), f2(1270), f
′
2(1525), f2(1750) and f2(1950) to B
0
s → D¯0K+K− de-
cay with a linear scale. (b) The same curves are shown with a logarithmic scale.
with above experimental results within uncertainties. Furthermore, we have explicitly written the relative
ratio of B(B0s → D¯0f2(1270)(→ K+K−)) compared to B(B0s → D¯0f2(1270)(→ π+π−)) in the narrow
width limit,
R(f2) =
B(B0s → D¯0f2(1270)(→ K+K−))
B(B0s → D¯0f2(1270)(→ π+π−))
≈ B(f2(1270) → K
+K−)
B(f2(1270)→ π+π−) . (74)
Thereby, using the experimental data B(f2(1270) → K+K−) = 12(4.6)%, B(f2(1270) → π+π−) =
2
3(84.2)% from PDG [94] and the measurements B(B0s → D¯0f2(1270) → D¯0π+π−) = (6.8±2.4)×10−5
from Belle [10] and B(B0s → D¯0f2(1270) → D¯0π+π−) = (9.5 ± 1.3) × 10−5(Isobar) from LHCb [16],
the experimental value of B0s → D¯0f2(1270)(→ K+K−) decay is estimated to be
B(B0s → D¯0(f2(1270) →)K+K−) =
{
2.7× 10−6, Belle,
3.8× 10−6, LHCb,
which is one order of magnitude larger than our prediction B(B0s → D¯0f2(1270) → D¯0K+K−) =
1.87 × 10−7 in its central value. Since the property of the tensor resonance is not well understood and the
theoretical uncertainties are relatively large, this issue needs to be further clarified in the future.
From the numerical results given in Table II, we can evaluate the relative branching ratios between two
tensor modes,
Rf2/f ′2 =
B(B0s → D¯0f2(1270))
B(B0s → D¯0f ′2(1525))
= 0.05+0.10−0.03, (75)
which can be tested by the forthcoming LHCb and Belle-II experiments.
In Fig. 3, we show the ω-dependence of the differential decay rate dB(B0s → D¯0K+K−)/dω after the
inclusion of the possible contributions from the resonant states f0(980) (the black solid curve), f0(1370)
(the red solid curve), φ(1020) (the orange dotted curve), φ(1680) (the blue solid curve), f2(1270) (the cyan
solid curve), f ′2(1525) (the magenta solid curve), f2(1750) (the violet solid curve) and f2(1950) (the navy
solid curve). To see clearly all the peaks of the various resonances, we draw them both in Fig. 3(a) with a
linear scale and Fig. 3(b) with a logarithmic one. For the considered decay mode B0s → D¯0K+K−, the
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dynamical limit on the value of invariant mass ω is (mK+ +mK−) ≤ ω ≤ (mB −mD). It is clear that
an appreciable peak arising from the φ(1020) resonance, followed by f ′2(1525). Another three resonance
peaks of f0(980), f0(1370), and φ(1680) have relatively smaller strength than the f
′
2(1525) one, while their
broader widths compensate the integrated strength over the whole phase space. Therefore, the branching
ratios of the four components are of a comparable size as predicted in our work. The contribution of the
tensor f2(1270) is really small in B
0
s → D¯0K+K− decay mode, since it decays predominantly into ππ.
Apart from above obvious signal peak, there are two visible structures at about 1750 MeV and 1950 MeV
in Fig. 3(b). Obviously, the differential branching ratios of these decays exhibit peaks at the pole mass of
the resonant states. Thus, the main portion of the branching ratio lies in the region around the resonance as
expected. For B0s → D¯0φ→ D¯0K+K− decay, the central values of the branching ratio B are 5.82× 10−6
and 8.29 × 10−6 when the integration over ω is limited in the range of ω = [mφ − 0.5Γφ,mφ + 0.5Γφ]
or ω = [mφ − Γφ,mφ + Γφ] respectively, which amount to 48.1% and 68.5% of the total branching ratio
B = 1.21 × 10−5 as listed in Table II.
The B → (D¯∗,D∗)[φ, f (′)2 →]K+K− decays are vector-vector (vector-tensor) modes and can proceed
through different polarization amplitudes. We display the polarization fractions associated with the available
data in Table VI, which have the same origin of theoretical uncertainties as the branching ratios. It is easy
to see that the fraction of the longitudinal polarization can be generally reduced to about ∼ 50%, while the
parallel and perpendicular ones are roughly equal. The results are quite different from the expectation in
the factorization assumption that the longitudinal polarization should dominate based on the quark helicity
analysis [116, 117]. For B0s → D¯∗0(φ(1020) →)K+K− decay, although the central value of f0 ≈ 55% is
a little smaller than the measured one f exp0 = 73%, but they are consistent with each other due to the still
large theoretical and experimental uncertainties.
It is worthwhile to stress that the polarization fractions of the colour-suppressed decays B → D¯∗(f2 →
)KK and B → D∗(f2 →)KK are quite different from each other. For B → D¯∗(f2 →)KK (b¯ → c¯
transition) decays, the percentage of the transverse polarizations (f‖ + f⊥) can be as large as 80%, while
for B → D∗(f2 →)KK (b¯ → u¯ transition) decays, the percentage of the transverse polarizations are only
at the range of 10% ∼ 20%. This situation can be understood as the following reasons [25]: The D¯∗ meson
in B → D¯∗(f2 →)KK decays is longitudinal polarized since the c¯ quark and the u quark in the D¯∗ meson
produced through the (V −A) current are right-handed and left-handed, respectively. Because the c¯ quack is
massive, the helicity of the c¯ quark can flip easily from right handed to left handed. Thus, the D¯∗ meson can
be transversely polarized with the polarization λ = −1. The recoiled tensor meson can also be transversely
polarized with the polarization λ = −1 due to the contribution of orbital angular momentum. Then the
transverse polarized contribution in B → D¯∗(f2 →)KK decays can be sizable. While for the D∗ meson,
the u¯ quark in the D∗ meson is right handed and the c quark can flip from left handed to right handed,
which makes the D∗ meson transversely polarized with the polarization λ = +1. In order to have the
same polarization with the D∗ meson, the recoiled transversely polarized tensor meson needs contributions
from both orbital angular momentum and spin, so the situation is symmetric. But the wave function of the
tensor meson is asymmetric. Therefore, the transversely polarized contribution in B → D∗(f2 →)KK is
suppressed on account of Bose statistics. More precise measurements of such decay channels are expected
to help us to test and improve our theoretical calculations.
V. CONCLUSION
In this work, we have performed an systematic analysis of various partial wave resonant contributions
to three-body B(s) → [D(∗), D¯(∗)]KK decays in the PQCD approach. For B0s → [D(∗), D¯(∗)]K+K−
decay modes, the dominant contributions are expected to be from P -wave resonance φ(1020), D-wave
resonance f ′2(1525). Besides the two prominent components mentioned above, some significant resonant
structures also exhibit in the K+K− invariant mass spectrum, like f0(980), f0(1370) and φ(1680). Such
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resonances have relatively smaller strength than the f ′2(1525) resonance, but their broader widths compen-
sate the integrated strength over the entire phase space. Since ππ is the dominant decay mode of f2(1270),
the contribution of the tensor f2(1270) is indeed small. The whole pattern of B(s) → [D(∗), D¯(∗)]KK
decays will be confronted with the experimental data in the future.
Each partial wave contribution can be parameterized into the corresponding time-like form factor, which
contains the final state interactions between the kaons in the resonant regions. The Flatte´ model for the
f0(980) resonance and the Breit-Wigner formulas for other resonances have been adopted to parameterize
the time-like form factors FS,P,D(ω
2) involved in the dikaon DAs. Using the determined parameters of the
two-kaon DAs in our previous work, we have predicted the branching ratios of B(s) → [D(∗), D¯(∗)](R →
)KK decay channels. It has been shown that our predictions of the branching ratios for most of the consid-
ered decays are in good agreement with the existing data within the errors. The branching ratios of the two-
body B(s) → [D(∗), D¯(∗)]R can be extracted from the corresponding quasi-two-body modes by employing
the narrow width approximation. Moreover, we calculated the polarization fractions of the vector-vector
and vector-tensor decay modes in detail. For most of the considered channels, the transverse polarization
has been found to be of the similar size as the longitudinal one, which is quite different from the general
expectation in the factorization assumption. More precise data from the LHCb and the future Belle II will
test our predictions.
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Appendix A: Decay amplitudes
For B(s) → D¯(∗)(R →)KK decays (R denotes the various partial wave resonances ), the expressions
of the individual amplitudes FLLe(a) and M
LL
e(a) can be straightforwardly obtained by evaluating the Feyman
diagrams in Fig. 1. Performing the standard PQCD calculations, one gets the following expressions of the
relevant amplitudes:
• B(s) → D¯(f0 →)KK
FLLef0 =
8πCFm
4
BfD√
η − ηr2D
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
φ0(z)
√
η − ηr2D(r2D(−2η(z + 1) + 2z + 1) + (η − 1)(z + 1))
+η(1− r2D)
(
(φt(z) + φs(z))(1 + 2z(r
2
D − 1))(η − 1) + r2D(φt(z)− φs(z))
) ]
·Ee(ta)ha(xB , z, b, bB)St(z)
+
√
η − ηr2D
[
φ0(z)
(
r2D(η
2 − xB)− (η − 1)η
)
+ 2φs(z)
√
η − ηr2D
· (η + r2D(−2η + xB + 1)− 1) ] ·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)}, (A1)
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FLLaf0 =
8πCFm
4
BfB√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{
[φ0(z)
√
η − ηr2D(r2D(2η − 2(η − 1)z − 1) + (η − 1)(z − 1)) − 2η
×rD(r2D − 1)2z(φt(z)− φs(z)) + 4ηrD(r2D − 1)φs(z)]Ea(te)
×he(z, x3, b, b3)St(z) +
√
η − ηr2D[φ0(z)(η(η − ηr2D − 1) + (η − 1)2
×(r2D − 1)x3) + 2rDφs(z)
√
η − ηr2D(η − r2D − ηx3 + x3 + 1)]
×Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A2)
MLLef0 =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{
[φ0(z)(−η + r2D + 1)
√
η − ηr2D((1 − r2D)((x3 + xB − 1)− (x3 + z)η)
+η(1− 2r2D)) + η(−r2D + 1)(φt(z)((η − 1)z(1 − r2D)− r2D((1 − η)x3
+xB)) + φs(z)(r
2
D(x3 + 2 + z)− z)(η − 1)]En(tc)hc(xB , z, x3, bB , b3)
−[φ0(z)
√
η − ηr2D(−η + (2η − 1)r2D + 1)((r2D − 1)z + (η − 1)x3 + xB)
+η(−r2D + 1)((φt(z)− φs(z))r2D((η − 1)x3 + xB) + (η − 1)z(r2D − 1)
×(φt(z) + φs(z)))]En(td)hd(xB , z, x3, bB , b3)
}
, (A3)
MLLaf0 =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{
[φ0(z)
√
η − ηr2D(r2D(η(−η(x3 + z − 2) + x3 + xB)− 1) + (η − 1)(η(x3
+z − 1)− x3 − xB)) + ηrD(1− r2D)((φt(z)− φs(z))((1 − η)(x3 − 1) + xB)
+(φt(z) + φs(z))z − 4φs(z))]En(tg)hg(xB , z, x3, b, bB)
−[φ0(z)(−η + r2D − 1)
√
η − ηr2D(r2D(η(x3 + z − 2)− x3 + xB − z + 1)
+(η − 1)(1 − z)) + ηrD(1− r2D)((φt(z)− φs(z))(r2D − 1)(z − 1) + (φt(z)
+φs(z))(η − 1)x3 + xB − η)]En(th)hh(xB , z, x3, b, bB)
}
. (A4)
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• B(s) → D¯∗(f0 →)KK
FLLef0 = −
8πCFm
4
BfD∗√
(η − ηr2D)(1 − η)
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{
[φ0(z)
√
η − ηr2D(r2D(1− 2(η − 1)z) + (η − 1)(z + 1))
+η(−r2D + 1)((φs(z) + φt(z))(1 + 2z(r2D − 1))(η − 1) + r2D(−φt(z) + φs(z)))]
·Ee(ta)ha(xB , z, b, bB)St(z)−
√
η − ηr2D
[
φ0(z)(−(r2D((η − 2)η + xB)− (η − 1)η))
+2φs(z)
√
η − ηr2D(−η + r2D(xB − 1) + 1)
] ·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)},
(A5)
MLLef0 =
32πCFm
4
B√
6(η − ηr2D)(1− η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{
[φ0(z)(η + r
2
D − 1)
√
η − ηr2D((η(1 − x3 − z) + r2Dη(x3 + z − 2)
+(1− r2D)(x3 + xB − 1)) + η(−r2D + 1)(φs(z)((η − 1)z(1 − r2D)− r2D((1
−η)x3 + xB)) + φt(z)(r2D(x3 + 2 + z)− z)(η − 1)] ·En(tc)hc(xB , z, x3, bB , b3)
−[φ0(z)(η + r2D − 1)
√
η − ηr2D((r2D − 1)z + (η − 1)x3 + xB)
+η(−r2D + 1)((φt(z)− φs(z))r2D((η − 1)x3 + xB) + (φt(z)
+φs(z))z(1 − η)(r2D − 1)] ·En(td)hd(xB , z, x3, bB , b3)
}
, (A6)
FLLaf0 = −
8πCFm
4
BfB√
1− η
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
φ0(z)r
2
D(−2(η − 1)z − 1) + (η − 1)(z − 1)
] ·Ea(te)he(z, x3, b, b3)St(z)
+[(r2D − 1)φ0(z)[(η − 1)2x3 − η(η + r2D − 1)]
−2(η − 1)rDφs(z)
√
η − ηr2D((r2D + (η − 1)(1− x3))]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A7)
MLLaf0 =
32πCFm
4
B√
6(η − ηr2D)(1 − η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{
[φ0(z)
√
η − ηr2D(r2D((η − 2)(x3(1− η) + xB − η(z − 2) + 1)
+(η − 1)(η(x3 + z − 1)− x3 − xB)) + (1− η)ηrD(1− r2D)((φt(z)− φs(z))
×((1− x3)(η − 1) + xB)− z((φt(z) + φs(z)) ·En(tg)hg(xB , z, x3, b, bB)
+[φ0(z)(−η + r2D − 1)
√
η − ηr2D(r2D((η − 1)(x3 − z)xB − 1)
+(η − 1)(z − 1)) + (η − 1)ηrD(1− r2D)((φt(z)− φs(z))(r2D − 1)(z − 1)
+((φt(z) + φs(z))(η + (1− η)x3 − xB)))] ·En(th)hh(xB , z, x3, b, bB)
}
, (A8)
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with the ratio rD = mD(∗)/mB(s) and the color factor CF = 4/3. fD(∗) (fB) is the decay constant
of the D(∗)(B(s)) meson.
• B(s) → D¯(φ→)KK
FLLef2 =
8πCFm
4
BfD√
η − ηr2D
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB, bB)
×
{
[φ0(z)
√
η − ηr2D(r2D(−2η(z + 1) + 2z + 1) + (η − 1)(z + 1))
+η(−r2D + 1)((φt(z)− φs(z))(1 + 2z(r2D − 1))(η − 1) + r2D(φt(z)
+φs(z)))] · Ee(ta)ha(xB , z, b, bB)St(z) +
√
η − ηr2D
[
φ0(z)(r
2
D(η
2 − xB)
−(η − 1)η) + 2φs(z)
√
η − ηr2D(η + r2D(−2η + xB + 1)− 1)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A9)
MLLef2 =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{
[φ0(z)(−η + r2D + 1)
√
η − ηr2D((1 − r2D)((x3 + xB − 1)− (x3 + z)η)
+η(1− 2r2D)) + η(−r2D + 1)(φt(z)((η − 1)z(1 − r2D)− r2D((1 − η)x3
+xB)) + φs(z)(r
2
D(x3 + 2 + z)− z)(η − 1)] ·En(tc)hc(xB , z, x3, bB , b3)
−[φ0(z)√η − ηr2D(−η + (2η − 1)r2D + 1)((r2D − 1)z + (η − 1)x3 + xB)
+η(−r2D + 1)((φt(z)− φs(z))r2D((η − 1)x3 + xB) + (η − 1)z(r2D − 1)(φt(z) + φs(z)))
]
·En(td)hd(xB , z, x3, bB , b3)
}
, (A10)
FLLaf2 =
8πCFm
4
BfB√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
φ0(z)
√
η − ηr2D(r2D(2η − 2(η − 1)z − 1) + (η − 1)(z − 1)) − 2ηrD(r2D
−1)2z(φt(z)− φs(z)) + 4ηrD(r2D − 1)φs(z)
] · Ea(te)he(z, x3, b, b3)St(z)
+
√
η − ηr2D
[
φ0(z)(η(η − ηr2D − 1) + (η − 1)2(r2D − 1)x3) + 2rDφs(z)
(η − r2D − ηx3 + x3 + 1)
] · Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)}, (A11)
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MLLaf2 =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)
√
η − ηr2D(r2D(η(−η(x3 + z − 2) + x3 + xB)− 1) + (η − 1)(η(x3
+z − 1)− x3 − xB)) + ηrD((φt(z)− φs(z))((1 − η)(x3 − 1) + xB)
+(φt(z) + φs(z))z − 4φs(z))
]
En(tg)hg(xB, z, x3, b, bB)
−[φ0(z)(−η + r2D − 1)√η − ηr2D(r2D(η(x3 + z − 2)− x3 + xB − z + 1)
+(η − 1)(1− z)) + ηrD(1− r2D)((φt(z)− φs(z))(r2D − 1)(z − 1) + (φt(z)
+φs(z))(η − 1)x3 + xB − η)
] ·En(th)hh(xB , z, x3, b, bB)}. (A12)
• B(s) → D¯∗(φ→)KK
The formulas for the longitudinal component amplitudes AL are as follows:
FLLaφ,L = −
8πCFm
4
BfB√
1− η
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
φ0(z)r
2
D(−2(η − 1)z − 1) + (η − 1)(z − 1)
] · Ea(te)he(z, x3, b, b3)St(z)
+
[
(r2D − 1)φ0(z)((η − 1)2x3 − η(η + r2D − 1))
−2(η − 1)rDφs(z)
√
η − ηr2D((r2D + (η − 1)(1 − x3))
]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A13)
FLLeφ,L = −
8πCFm
4
BfD√
(η − ηr2D)(1− η)
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
φ0(z)
√
η − ηr2D(r2D(1− 2(η − 1)z) + (η − 1)(z + 1))
+η(−r2D + 1)((φs(z) + φt(z))(1 + 2z(r2D − 1))(η − 1) + r2D(−φt(z) + φs(z)))
]
·Ee(ta)ha(xB, z, b, bB)St(z)
−
√
η − ηr2D
[
φ0(z)(−(r2D((η − 2)η + xB)− (η − 1)η))
+2φs(z)
√
η − ηr2D(−η + r2D(xB − 1) + 1)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A14)
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MLLeφ,L =
32πCFm
4
B√
6(η − ηr2D)(1− η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)(η + r
2
D − 1)
√
η − ηr2D((η(1 − x3 − z) + r2Dη(x3 + z − 2)
+(1− r2D)(x3 + xB − 1)) + η(−r2D + 1)(φs(z)((η − 1)z(1 − r2D)− r2D((1
−η)x3 + xB)) + φt(z)(r2D(x3 + 2 + z)− z)(η − 1)
] · En(tc)hc(xB , z, x3, bB , b3)
−[φ0(z)(η + r2D − 1)√η − ηr2D((r2D − 1)z + (η − 1)x3 + xB)
+η(−r2D + 1)((φt(z)− φs(z))r2D((η − 1)x3 + xB) + (φt(z)
+φs(z))z(1 − η)(r2D − 1)
] ·En(td)hd(xB , z, x3, bB , b3)}, (A15)
MLLaφ,L = −
32πCFm
4
B√
6(η − ηr2D)(1− η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)
√
η − ηr2D
[
r2D((η − 2)(x3(1− η) + xB − η(z − 2) + 1)
+(η − 1)(η(x3 + z − 1)− x3 − xB)) + (1− η)ηrD[(φt(z)− φs(z))[(1
−x3)(η − 1) + xB]− z(φt(z)− φs(z))]
]]
·En(tg)hg(xB , z, x3, b, bB)
+
[
φ0(z)(−η + r2D − 1)
√
η − ηr2D(r2D((η − 1)(x3 − z)xB − 1)
+(η − 1)(z − 1)) + (η − 1)ηrD(1− r2D)((φt(z)− φs(z))(r2D − 1)(z − 1)
+((φt(z) + φs(z))(η + (1− η)x3 − xB)))
]
·En(th)hh(xB , z, x3, b, bB)
}
. (A16)
The transverse polarization amplitudes AN,T are of the following form:
FLLeφ,N = −8πCFm4BfD∗rD
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{
[
√
η − ηr2D(r2D(−z) + z + 2)φa(z) + φT (z)(η + (r2D − 1)(2ηz − 1))
+(r2D − 1)z
√
η − ηr2Dφv(z)] · Ee(ta)ha(xB , z, b, bB)St(z)
−
√
η − ηr2D
[
φa(z)(−η + r2D + xB − 1) + φv(z)(η + r2D − xB − 1)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A17)
FLLeφ,T = −8πCFm4BfD∗rD
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
(−r2D + 1)z
√
η − ηr2Dφa(z) + φT (z)(η + (2ηz + 1)(r2D − 1))
−
√
η − ηr2D(r2D(−z) + z + 2)φv(z)
] ·Ee(ta)ha(xB , z, b, bB)St(z)
+
√
η − ηr2D
[
(φa(z) + φv(z))(1 − r2D) + (φv(z) − φa(z))(η − xB)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A18)
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MLLeφ,N = 16
√
2
3
πCFm
4
BrD
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{ [
φT (z)(η + r
2
Dη(x3 + z − 2) + (1− r2D)(x3 + xB − 1) + η(1 − x3 − z))
]
·En(tc)hc(xB , z, x3, bB , b3)
−
[
(2
√
η − ηr2Dφa(z)((r2D − 1)z + (η − 1)x3 + xB) + (r2D − 1)φT (z)((η
−1)x3 + xB − ηz))
]
·En(td)hd(xB , z, x3, bB , b3)
}
, (A19)
MLLeφ,T = 16
√
2
3
πCFm
4
BrD
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{ [−φT (z)((x3 + xB − 1)(1− r2D) + η((r2D − 1)(x3 − z) + 1))]
·En(tc)hc(xB , z, x3, bB , b3)
−[− ((r2D − 1)φT (z)(η(x3 + z)− x3 + xB) + 2√η − ηr2Dφv(z)((r2D − 1)
z + (η − 1)x3 + xB))
] · En(td)hd(xB , z, x3, bB , b3)}, (A20)
FLLaφ,N = 8πCFm
4
BfBrD
√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{ [
(r2D − 1)z(φa(z) − φv(z)) + 2φa(z)
] · Ea(te)he(z, x3, b, b3)St(z)
+
[
φa(z)(r
2
D + η(x3 − 1)− x3 − 1)− φv(z)(r2D + (1− η)(x3 − 1))
]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A21)
FLLaφ,T = 8πCFm
4
BfBrD
√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{ [
(r2D − 1)z(φa(z) − φv(z))− 2φv(z)
] ·Ea(te)he(z, x3, b, b3)St(z)
+
[
φa(z)(r
2
D + (1− η)(x3 − 1) + φv(z)(η − r2D − ηx3 + x3 + 1))
]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A22)
MLLaφ,N = 16
√
2
3
πCFm
4
B
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
2rD
√
η − ηr2Dφa(z) + φT (z)(−r2D((1− η)(x3 + zη) + xB + (η)2 − 1)
−(η − 1)ηz) + 2rD
√
η − ηr2Dφv(z)(r2D(z − 1)
+η(x3 − 1)− x3 − xB − z + 1)
] ·En(tg)hg(xB , z, x3, b, bB)
+
[
(r2D − 1)φT (z)(r2D(η(x3 − 1)− x3 + xB) + η(1− η)(z − 1)
+2rD
√
η − ηr2Dφv(z)((r2D − 1)(z − 1) + η(x3 − 1)− x3 + xB))
]
·En(th)hh(xB , z, x3, b, bB)
}
, (A23)
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MLLaφ,T = 16
√
2
3
πCFm
4
B
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φT (z)(−(r2D(xB + (η − 1)((η(z − 1) + 1− x3))− (η − 1)ηz))
−2rD
√
η − ηr2Dφv(z)(η + r2D(z − 1)− ηx3 + x3 + xB − z + 3)
]
·En(tg)hg(xB , z, x3, b, bB)
+
[
(r2D − 1)φT (z)(r2D(η(x3 − 1)− x3 + xB) + (η − 1)η(z − 1))
+2rD
√
η − ηr2Dφv(z)(η + r2D(z − 1)− ηx3 + x3 − xB − z + 1)
]
·En(th)hh(xB , z, x3, b, bB)
}
. (A24)
For the decays involved D(∗) mesons, similarly, the corresponding decay amplitudes can be obtained by
evaluating the Feyman diagrams in Fig. 2.
• B(s) → D(f0 →)KK
FLLef0 = 8πCFm
4
BfD
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
φ0(z)(r
2
D(−2η(z + 1) + 2z + 1) + (η − 1)(z + 1))
+
√
η − ηr2D((φt(z) + φs(z))(η − 1)(1 + 2z(r2D − 1)) + r2D(φt(z)
−φs(z)))
] ·Ee(ta)ha(xB , z, b, bB)St(z) + [φ0(z)(r2D(η2 − xB)
−(η − 1)η) + 2φs(z)
√
η − ηr2D(η + r2D(−2η + xB + 1)− 1)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A25)
MLLef0 =
32πCFm
4
B√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)((1 − η)x3(η(r2D − 1) + 1)− η(r2D − 1)(z(−η + r2D + 1)
+xB)− xB) +
√
η − ηr2D(r2D((η − 1)x3 + xB)(φs(z) + φt(z))
−(η − 1)z(r2D − 1)(φs(z) − φt(z)))
] · En(tc)hc(xB , z, x3, bB , b3)
+
[
φ0(z)(−η + (2η − 1)r2D + 1)(η + r2D(z − 1)− ηx3 + x3 + xB − z − 1)
+
√
η − ηr2D(r2D(φt(z) + φs(z))((−ηx3 + x3 + xB)− 2φs(z)(η − 1))
+(r2D − 1)(η − 1)z(φt(z)− φs(z))
] ·En(td)hd(xB , z, x3, bB , b3)}, (A26)
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FLLaD = −8πCFm4BfB
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
φ0(z)(η(η − ηr2D − 1) + (η − 1)2(r2D − 1)x3)
+2rDφs(z)
√
η − ηr2D(−η + r2D + (η − 1)x3 − 1)
] ·Ea(te)he(z, x3, b, b3)St(z)
−[(η − 1)φ0(z)(r2D(η − 2z + 1) + z)
+2rD
√
η − ηr2D((φt(z) + φs(z))(η − 1) + z(φt(z)
−φs(z)))
] · Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)}, (A27)
MLLaD =
32πCFm
4
B√
6
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)(r
2
D((1 − η2)x3 + (η − 1)xB + (η2 + η − 2)z − 1)
−(η − 1)((η + 1)(xB + z)− η)) − rD
√
η − ηr2D((φt(z) + φs(z))(η
−1)x3 + (φt(z)− φs(z))(xB + z)− 2φs(z))
] · En(tg)hg(xB , z, x3, b, bB)
−[φ0(z)(η(−η + r2D + 1)(−((r2D − 1)z + xB))− (η − 1)x3(η
×(r2D − 1) + 1))− rD
√
η − ηr2D((φt(z) + φs(z))((r2D − 1)z + xB)
+(φs(z)− φt(z))(η − 1)x3)
] ·En(th)hh(xB , z, x3, b, bB)}. (A28)
• B(s) → D∗(f0 →)KK
FLLef0 = −
8πCFm
4
BfD∗√
(1− η)
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
φ0(z)(r
2
D(1− 2(η − 1)z) + (η − 1)(z + 1)) +
√
η − ηr2D
×((φt(z) + φs(z))(η − 1)(1 + 2z(r2D − 1)) + r2D(φs(z)
−φt(z)))
] · Ee(ta)ha(xB , z, b, bB)St(z)− [φ0(z)(−(r2D((η − 2)η + xB)
−(η − 1)η)) + 2φs(z)
√
η − ηr2D(−η + r2D(xB − 1) + 1)
]
·Ee(tb)ha(xB , z, bB , b)St(|xB − η|)
}
, (A29)
MLLef0 = −
32πCFm
4
B√
6(1 − η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{[
(r2D − 1)φ0(z)(η + r2D − 1)((η − 1)x3 + xB − ηz)
+
√
η − ηr2D((φt(z) + φs(z))r2D((η − 1)x3 + xB)
+(φt(z)− φs(z))(1 − r2D)(η − 1)z)
] ·En(tc)hc(xB , z, x3, bB , b3)
+
[
φ0(z)(η + r
2
D − 1)(η + r2D(z − 1) − (η − 1)x3
+xB − z − 1) +
√
η − ηr2D((φt(z) + φs(z))((η − 1)(1− r2D)z
+(φt(z)− φs(z))r2D(−(η − 1)x3 + xB)
+2r2Dφt(z)(η − 1))
] ·En(td)hd(xB , z, x3, bB , b3)}, (A30)
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FLLaD =
8πCFm
4
BfB√
1− η
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
(r2D − 1)φ0(z)((η − 1)2x3 − η(η + r2D − 1)) + 2(η − 1)rDφs(z)
×
√
η − ηr2D(η + r2D − ηx3 + x3 − 1)
] · Ea(te)he(z, x3, b, b3)St(z)
+(1− η)[φ0(z)(z − r2D(η + 2z − 1))]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A31)
MLLaD = −
32πCFm
4
B√
6(1 − η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)(r
2
D(η
2(x3 + z)− x3 + (η − 1)xB + (η − 2)z + 1)− (η2 − 1)
×(xB + z) + η(η − 1)) +
√
η − ηr2D(η − 1)(−rD)((φt(z)− φs(z))(1
−η)x3 − 2φt(z) + (φt(z) + φs(z))(xB + z))
] ·En(tg)hg(xB , z, x3, b, bB)
+
[
φ0(z)(η + r
2
D − 1)((η − 1)(r2D − 1)x3 − η((r2D − 1)z + xB))
+(η − 1)(−r)
√
η − ηr2D((φt(z)− φs(z))((r2D − 1)z + xB) + (φt(z)
+φs(z))((η − 1)x3))
] ·En(th)hh(xB , z, x3, b, bB)}. (A32)
• B(s) → D(φ→)KK
FLLeφ =
8πCFm
4
BfD√
η − ηr2D
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×
{[
φ0(z)
√
η − ηr2D(r2D(−2η(z + 1) + 2z + 1) + (η − 1)(z + 1))
+η(−(r2D − 1))((φt(z) + φs(z))(η − 1)(1 + 2z(r2D − 1))
+r2D(φt(z)− φs(z)))
] ·Ee(ta)ha(xB , z, b, bB)St(z) +√η − ηr2D
×[φ0(z)(r2D(η2 − xB)− (η − 1)η) + 2φs(z)√η − ηr2D(η + r2D(−2η
×+ xB + 1)− 1)
] · Ee(tb)ha(xB, z, bB , b)St(|xB − η|)}, (A33)
MLLeφ =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×
{
(r2D − 1)
[
φ0(z)(−(−η + r2D + 1))
√
η − ηr2D((η − 1)x3 + xB − ηz)
+η(φt(z) + φs(z))(r
2
D((η − 1)x3 + xB)) + (φt(z)− φs(z))
×(r2D − 1)(η − 1)z
] ·En(tc)hc(xB , z, x3, bB , b3)
−[(φ0(z)√η − ηr2D(−η + (2η − 1)r2D + 1)((η − 1)(1 − x3) + r2D(z − 1)
+xB − z) + η(r2D − 1)((φt(z) + φs(z))(η − 1)z(1 − r2D)
−(φt(z)− φs(z))r2D(−ηx3 + x3 + xB) + 2r2Dφs(z)(η − 1))
]
·En(td)hd(xB , z, x3, bB , b3)
}
, (A34)
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FLLaD = −
8πCFm
4
BfB√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×
{[
φ0(z)
√
η − ηr2D(η(η − ηr2D − 1) + (η − 1)2(r2D − 1)x3)
−2ηrD(r2D − 1)φs(z)(−η + r2D + (η − 1)x3 − 1)
] ·Ea(te)he(z, x3, b, b3)St(z)
−[(η − 1)φ0(z)√η − ηr2D (r2D(η − 2z + 1) + z)
+2ηrD(φt(z) + φs(z))(η − 1) + 2ηrDz(φt(z)− φs(z))
]
·Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)
}
, (A35)
MLLaD =
32πCFm
4
B√
6(η − ηr2D)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×
{[
φ0(z)
√
η − ηr2D(r2D(η2(−x3) + x3 + (η − 1)xB + (η2 + η − 2)z − 1)
−(η − 1)(η(xB + z − 1) + xB + z)) + ηrD(−(φt(z) + φs(z))((η − 1)x3)
+(φs(z)− φt(z))(xB + z) + 2φs(z)
] ·En(tg)hg(xB , z, x3, b, bB)
−[φ0(z)(−η + r2D + 1)√η − ηr2D((η − 1)(r2D − 1)x3 − η((r2D − 1)z + xB))
+ηr(r2D − 1)((φt(z) + φs(z))((r2D − 1)z + xB) + (η − 1)x3 × (φs(z)− φt(z)))
]
·En(th)hh(xB , z, x3, b, bB)
}
. (A36)
• B(s) → D∗(φ→)KK
The formulas for the longitudinal amplitudes AL are as follows:
FLLef2,L = −
8πCFm
4
BfD∗√
(η − ηr2D)(1− η)
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×{[φ0(z)
√
η − ηr2D(r2D(1− 2(η − 1)z) + (η − 1)(z + 1)) + η(−(r2D − 1))
×((φt(z) + φs(z))(η − 1)(1 + 2z(r2D − 1) + r2D(φs(z)− φt(z)))]
Ee(ta)ha(xB , z, b, bB)St(z)−
√
η − ηr2D[φ0(z)(−(r2D((η − 2)η + xB)
−(η − 1)η)) + 2φs(z)
√
η − ηr2D(−η + r2D(xB − 1) + 1)]
×Ee(tb)ha(xB , z, bB , b)St(|xB − η|)}, (A37)
FLLaD,L =
8πCFm
4
BfB√
1− η
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×{[(r2D − 1)φ0(z)((η − 1)2x3 − η(η + r2D − 1)) + 2(η − 1)rDφs(z)
×
√
η − ηr2D(η + r2D − ηx3 + x3 − 1)]Ea(te)he(z, x3, b, b3)St(z)
+(1− η)[φ0(z)(z − r2D(η + 2z − 1))]Ea(tf )hf (z, x3, b3, b)
St(|η(x3 − 1)− x3|)}, (A38)
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MLLef2,L = −
32πCFm
4
B√
6(η − ηr2D)(1 − η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×{[φ0(z)(η + r2D − 1)
√
η − ηr2D((η − 1)x3 + xB − ηz)
−η((φt(z) + φs(z))(r2D((η − 1)x3 + xB)) + (φs(z)− φt(z))
×(r2D − 1)(η − 1)z)]En(tc)hc(xB , z, x3, bB , b3)
+[φ0(z)(η + r
2
D − 1)
√
η − ηr2D(η + r2D(z − 1)− ηx3 + x3
+xB − z − 1) + η(r2D − 1)((φt(z) + φs(z))((η − 1)r2Dz
−(η − 1)z) − (φt(z)− φs(z))r2D(−ηx3 + x3 + xB)
−2r2Dφt(z)(η − 1))]En(td)hd(xB , z, x3, bB , b3)}, (A39)
MLLaD,L = −
32πCFm
4
B√
6(η − ηr2D)(1 − η)
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×{[φ0(z)
√
η − ηr2D(r2D(η2(x3 + z)− x3 + (η − 1)xB + (η − 2)z + 1)
−(η − 1)(η(xB + z − 1) + xB + z)) + (η − 1)ηrD((φt(z) + φs(z))(1
−η)x3 − 2φt(z) + (φt(z) − φs(z))(xB + z))]En(tg)hg(xB , z, x3, b, bB)
+[φ0(z)(η + r
2
D − 1)
√
η − ηr2D((η − 1)(r2D − 1)x3 − η((r2D − 1)z + xB))
+(η − 1)η(−rD)(r2D − 1)((φt(z) + φs(z))((r2D − 1)z + xB) + (φt(z)
−φs(z))((η − 1)x3))]En(th)hh(xB , z, x3, b, bB)}. (A40)
The expressions of the transverse component AN,T are given by:
FLLef2,N = −8πCFm4BfD∗rD
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×{[
√
η − ηr2D(((r2D − 1)z)(φv(z) − φa(z)) + 2φa(z))
+φT (z)(η + (r
2
D − 1)(2ηz − 1)]Ee(ta)ha(xB , z, b, bB)St(z)
−
√
η − ηr2D[(φa(z)− φv(z))(−η + xB) + (φa(z) + φv(z))
×(r2D − 1)]Ee(tb)ha(xB , z, bB , b)St(|xB − η|)}, (A41)
FLLef2,T = −8πCFm4BfD∗rD
∫ 1
0
dxBdz
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)
×{[−
√
η − ηr2D((r2D − 1)z(φa(z)− φv(z)) + 2φv(z))
+φT (z)(η + (2ηz + 1)(r
2
D − 1))]Ee(ta)ha(xB , z, b, bB)St(z)
−
√
η − ηr2D[(φa(z)− φv(z))(−η + xB)− (φv(z) + φa(z))
×(r2D − 1)]Ee(tb)ha(xB , z, bB , b)St(|xB − η|)}, (A42)
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MLLef2,N = 16
√
2
3
πCFm
4
BrD
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×{[(r2D − 1)(−ηx3 + x3 − xB + ηz)]φv(z)En(tc)hc(xB , z, x3, bB , b3)
−[2
√
η − ηr2Dφa(z)((η − 1)(1 − x3) + r2D(z − 1) + xB − z)
−φT (z)(η + r2D(η(x3 + z − 2)− x3 − xB + 1)
−η(x3 + z) + x3 + xB − 1)]En(td)hd(xB , z, x3, bB , b3)}, (A43)
MLLef2,T = 16
√
2
3
πCFm
4
BrD
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
b3db3bBdbBφB(xB , bB)φD(x3, b3)
×{(r2D − 1)[(η − 1)x3 + xB + ηz]φv(z)En(tc)hc(xB , z, x3, bB , b3)
+[φT (z)(η + r
2
D(−x3 − xB + 1) + η(r2D − 1)(x3 − z) + x3 + xB − 1)
−2
√
η − ηr2Dφv(z)((η − 1)(1 − x3) + r2D(z − 1) + xB − z)]
×En(td)hd(xB , z, x3, bB , b3)}, (A44)
FLLaD,N = 8πCFm
4
BfBrD
√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×{[(φa(z) − φv(z))(η − ηx3 + x3) + (φa(z) + φv(z))(−r2D + 1)]
×Ea(te)he(z, x3, b, b3)St(z) + [(φa(z) + φv(z))(r2D(z − 1)− z)
+(φa(z)− φv(z))(η − 1)]Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)}, (A45)
FLLaD,T = 8πCFm
4
BfBrD
√
η − ηr2D
∫ 1
0
dx3dz
∫ 1/Λ
0
bdbb3db3φD(x3, b3)
×{[(φa(z) − φv(z))(−η + ηx3 − x3)) + (φa(z) + φv(z))(−r2D + 1)]
×Ea(te)he(z, x3, b, b3)St(z) + [(φa(z) + φv(z))(r2D(z − 1)− z) + (φa(z)
−φv(z))(−η + 1)]Ea(tf )hf (z, x3, b3, b)St(|η(x3 − 1)− x3|)}, (A46)
MLLaD,N = 16
√
2
3
πCFm
4
B
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×{[2rDφa(z)
√
η − ηr2D + φT (z)(r2D(−η(x3 + z) + x3 + η2z − 1)
−(η − 1)η(xB + z − 1))]En(tg)hg(xB , z, x3, b, bB)
+[φT (z)(−1 + η)(−(r2D − 1)r2Dx3 − η((r2D − 1)z + xB))]
×En(th)hh(xB , z, x3, b, bB)}, (A47)
MLLaD,T = 16
√
2
3
πCFm
4
B
∫ 1
0
dxBdzdx3
∫ 1/Λ
0
bdbbBdbBφB(xB , bB)φD(x3, b3)
×{[φT (z)(r2D(−(η − 1)(x3 + ηz) − 1) + (η − 1)η(xB + z − 1))
+2rD
√
η − ηr2Dφv(z)]En(tg)hg(xB , z, x3, b, bB) + [φT (z)(−1 + η)
×(r2D(x3 + ηz)− η(z − xB))]En(th)hh(xB , z, x3, b, bB)}. (A48)
ForD-wave decay amplitudeAD, its factorization formula can be related toAP by making the following
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replacement,
A0D =
√
2
3
A0P |φ0,s,t
P
→φ0,s,t
D
, A‖,⊥D =
√
1
2
A‖,⊥P |φT,v,a
P
→φT,v,a
D
. (A49)
The evolution factors Ei(t)(i = e, a, n) in above equations are written as the form
Ee(t) = αs(t) exp[−SB(t)− SR(t)], (A50)
Ea(t) = αs(t) exp[−SD(t)− SR(t)], (A51)
En(t) = αs(t) exp[−SB(t)− SR(t)− SD(t)], (A52)
where Sudakov exponents SB,D,R are defined as
SB = s(xB
mB√
2
, bB) +
5
3
∫ t
1/bB
dµ¯
µ¯
γq(αs(µ¯)), (A53)
SR = s(z(1 − r2D)
mB√
2
, b) + s((1− z)(1 − r2D)
mB√
2
, b) + 2
∫ t
1/b
dµ¯
µ¯
γq(αs(µ¯)), (A54)
SD = s(x3(1− η)mB√
2
, b3) + 2
∫ t
1/b3
dµ¯
µ¯
γq(αs(µ¯)), (A55)
with the quark anomalous dimension γq = −αs/π . The explicit expressions of the functions
(s(xBmB/
√
2, bB) · · · ) can be found in Appendix of Ref. [23].
The threshold resummation factor St(x) is of the form:
St(x) =
21+2cΓ(3/2 + c)√
πΓ(1 + c)
[x(1− x)]c. (A56)
The value of c is 0.3 in numerical calculations.
The hard functions hi(i = a−h) in above amplitudes can be derived from the Fourier transform of hard
kernel :
hi(x1, x2(, x3), b1 , b2) = h1(β, b2)× h2(α, b1, b2), (A57)
h1(β, b2) =
{
K0(
√
βb2), β > 0
K0(i
√−βb2), β < 0
(A58)
h2(α, b1, b2) =
{
θ(b2 − b1)I0(
√
αb1)K0(
√
αb2) + (b1 ↔ b2), α > 0
θ(b2 − b1)I0(
√−αb1)K0(i
√−αb2) + (b1 ↔ b2), α < 0
(A59)
where K0(ix) =
pi
2 (−N0(x) + iJ0(x)). α and β are the factors a1i − h1i and e2i − h2i (i = 1, 2) given in
the following paragraph.
The hard scales ti appeared in the above equations are chosen as the maximum of the virtuality of the
internal momentum transition in the hard amplitudes. For B(s) → D¯(∗)(R→)KK decays, we have
ta1 = max{mB
√
|a11|,mB
√
|a12|, 1/b, 1/bB}, tb1 = max{mB
√
|b11|,mB
√
|b12|, 1/b, 1/bB},
tc1 = max{mB
√
|c11|,mB
√
|c12|, 1/b3, 1/bB}, td1 = max{mB
√
|d11|,mB
√
|d12|, 1/b3, 1/bB},
te1 = max{mB
√
|e11|,mB
√
|e12|, 1/b, 1/b3}, tf1 = max{mB
√
|f11|,mB
√
|f12|, 1/b, 1/b3},
tg1 = max{mB
√
|g11|,mB
√
|g12|, 1/b, 1/bB}, th1 = max{mB
√
|h11|,mB
√
|h12|, 1/b, 1/bB},
(A60)
32
with the factors
a11 = (1− r2D)z, a12 = (1− r2D)xBz, b11 = (1− r2D)(xB − η), b12 = a12,
c11 = a12, c12 = [(1− r2D)z + r2D][xB − (1− η)(1 − x3)],
d11 = a12, d12 = (1− r2D)z[xB − (1− η)x3],
e11 = z(1− r2D)− 1, e12 = (z − 1)(r2D − 1)[(η − 1)x3 − η],
f11 = (1− r2D)[(η − 1)x3 − η], f12 = e12,
g11 = e12, g12 = 1− [(1− z)r2D + z][(1− η)(1 − x3)− xB],
h11 = e12, h12 = (1− z)(1 − r2D)[(η − 1)x3 − η + xB ]. (A61)
While for B(s) → D(∗)(R→)KK decays, similarly, we have
ta1 = max{mB
√
|a11|,mB
√
|a12|, 1/b, 1/b}, tb1 = max{mB
√
|b11|,mB
√
|b12|, 1/b, 1/bB},
tc1 = max{mB
√
|c11|,mB
√
|c12|, 1/b3, 1/bB}, td1 = max{mB
√
|d11|,mB
√
|d12|, 1/b3, 1/bB},
te2 = max{mB
√
|e21|,mB
√
|e22|, 1/b, 1/b3}, tf2 = max{mB
√
|f21|,mB
√
|f22|, 1/b, 1/b3},
tg2 = max{mB
√
|g21|,mB
√
|g22|, 1/b, 1/bB}, th2 = max{mB
√
|h21|,mB
√
|h22|, 1/b, 1/bB},
(A62)
with the factors
a11 = (1 − r2D)z, a12 = (1− r2D)xBz, b11 = (1− r2D)(xB − η), b12 = a12,
c11 = a12, c12 = (1− r2D)z(xB − (1− η)x3),
d11 = a12, d12 = ((z − 1)r2D − z)[(1 − η)(1− x3)− xB ],
e21 = (1 − r2D)[(x3 − 1)η − x3], e22 = (1− η)(r2D − 1)x3z, f21 = (η − 1)[z + r2D(1− z)],
f22 = e12, g21 = e22, g22 = [1− (1− η)x3][(1− r2D)z + xB] + (1− η)x3,
h21 = e22, h22 = (1− η)x3[xB − (1− r2D)z]. (A63)
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